Three-dimensional spatial distribution function ͑SDF͒ of solvent is a fundamental quantity for analysis of solvation. However, its calculation has been very limited because long computational time is required. We here developed a novel and robust method to construct approximated SDFs of solvent sites from radial distribution functions. In this method, the expansion of SDFs in real solid harmonics around atoms of solute leads to a linear equation, from which SDFs are evaluated with reasonable computational time. This method is applied to the analysis of the solvation structure of liquid water, as an example. The successful results clearly show that this method is very powerful to investigate solvation structure.
I. INTRODUCTION
To understand most of the chemical reactions correctly, solvent effects should be considered in theoretical analysis. Various methods such as dielectric continuum model, molecular dynamics ͑MD͒, and integral equation theory 1 ͑IET͒ of liquids have been proposed to investigate solvent effects. These methods are useful to calculate solvation energy. However, the three-dimensional ͑3D͒ information on solvent coordination such as a spatial distribution function ͑SDF͒ have not been studied thoroughly, except for limited pioneering works, 2-10 despite the 3D information being very helpful to understand chemical reactions in solution phase by visualizing the solvation feature. 11 One of those works was reported by Soper et al. [7] [8] [9] They expanded the SDF as a function of position vector and orientation of solvent using spherical harmonic functions, and optimized the coefficients, which determine the shape of SDF, with the minimum noise formalism. 9 The equation for the coefficients was solved in an iterative manner. Sato et al. 3 presented the "most plausible solvation structure" ͑MPSS͒ using the radial distribution functions ͑RDFs͒. Simulation techniques such as the MD method, and three-dimensional reference interaction model ͑3D-RISM͒, 12, 13 can evaluate SDF directly. However, both of the methods need long computational time to calculate SDF. There are other IETs, such as MOZ theory, [14] [15] [16] [17] [18] [19] [20] [21] that can analyze three-dimensional structure of solvation, though those results have the approximations inherent in IETs.
On the other hand, RDFs, which are the most frequently used in discussion, are easily evaluated with much shorter computational time. Thus, it is highly desired to develop the method that easily provides SDF from RDFs.
In this communication, we newly propose an interesting method to reconstruct approximated SDFs of solvent site from RDFs, which are calculated by any solvation theory, by employing the spherical harmonic expansion around each solute site. This expansion leads to simple linear equation and we can obtain the coefficients determining the shape of approximated SDFs by solving the equation. The efficiency of this method is clearly shown here by applying this method to the coordination of solvent water around a water molecule.
II. METHOD AND COMPUTATIONAL DETAILS

A. Method
We begin with SDFs of solvent site s around a solute molecule, n s ͑r͒,
where is the number density of solvent and r is the position vector in 3D space. The RDF between solute site and solvent site s is related to SDFs by Eq. ͑2͒,
where Q is the position vector of the site and R represents the distance between the site and the s site.
The SDF of solvent s site is well approximated by basis functions including real solid harmonics S lm of the center which is located on individual solute site , ,s,i ͖ in Eq. ͑3͒ are determined so that the difference between all these SDFs centered on different solute sites becomes the smallest; when a sufficiently large number of real solid harmonics and basis functions are employed, all of the SDFs become almost unique. Here, we define the error function ⌫ s as follows:
where N p is the number of the grid points which are prepared around the solute. As the number of basis functions in Eq. ͑3͒ increases, ⌫ s decreases. By minimizing Eq. ͑5͒, we can obtain the equation that determines the coefficients ͕C l,m ,s,i ͖,
where C is the vector whose component is C l,m ,s,i and the components of A and B are given by Eqs. ͑7a͒ and ͑7b͒,
By solving this linear equation, we can obtain the coefficients without any iterative calculation. In this regard, the present method provides approximated SDFs very easily. Because we cannot use infinite number of basis functions in practice, the quality of n s ͑r͒s is not uniform in all space; in other words, n s ͑r͒ is given in high accuracy where r is close to solute site , but it gets worse when r is distant from site. To obtain well-balanced SDF n s ͑r͒ from SDFs in Eq. ͑3͒, we used arithmetic average of n s ͑r͒,
The computational procedure is summarized as follows: ͑1͒ the first step is to fit f i/f ,s ͑R͒ to RRDFs, ͑2͒ the second step is to evaluate Eqs. ͑7a͒ and ͑7b͒ and to solve Eqs. ͑6͒ and ͑3͒ the third is to take average n s ͑r͒ with Eq. ͑8͒.
B. Computational details
We employed the RRDFs calculated by the MD method reported by Jorgensen et al. 23 Also, we evaluated here RRDFs with the extended RISM ͑XRISM͒, 24 where the simple point charge ͑SPC͒-like water model 25 was employed. The standard modification for the Lennard-Jones ͑LJ͒ parameters was made in the hydrogen site. The hypernetted chain ͑HNC͒-like closure was used in solving the XRISM equation. All calculations were carried out at the temperature of 298.15 K and the number density of 0.033 426 molecule/ Å 3 . Hereafter, we call the RRDFs of MD and XRISM as RRDFs͑MD͒ and RRDFs͑XRISM͒, respectively.
We used Gaussian functions for f i ,s ͑R͒ and the following function of Eq. ͑9͒ for f f ,s ͑R͒:
to approximate RRDFs in the least-square fitting technique.
In this calculation, we employed the real solid harmonics up to l = 10.
III. RESULTS AND DISCUSSION
The RRDFs ͑XRISM͒ and RRDFs͑MD͒ of oxygenoxygen and hydrogen-oxygen are shown in Fig. 1͑a͒ 1͑a͒ and 1͑b͒, in comparison with II and IV. We found that three f i ,s functions and one f f ,s function are enough to reproduce well RRDFs ͑II and IV͒. However, we cannot reproduce the second peak ͓b in Figs. 1͑a͒ and 1͑b͔͒ properly, when using only two f i ,s functions and one f f ,s function. One can see that I and III well reproduce II and IV, respectively. The basis sets c and e were mainly used to reproduce the peaks a and b in RRDFs. The second basis set d seems to correspond to the distribution of the "interstitial water molecules," which is suggested to be around R = 3.5 Å.
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The resultant solvent coordinations in 3D, n O ͑r͒ and n H ͑r͒, are used to calculate the charge density by the following equation:
where q O and q H are the charges of the oxygen and the hydrogen of solvent water, respectively. The charge density in the plane including all the atoms ͑XZ plane͒ is shown in Fig. 2͑a͒ and that in the bisector plane of the HOH angle ͑YZ plane͒ is shown in Fig. 2͑b͒ . Because these density maps have C 2 symmetry, we divided them into two regions and show only a half of them in these figures. The right-hand side is for the MD method and the left-hand side for the XRISM. The negative density ͑solid line͒ represents n O ͑r͒ and the positive density ͑dashed line͒ represents n H ͑r͒. In Fig. 2͑a͒ , one can see the negative charge distribution around the hydrogen of the central water ͑hereafter, we call it "solute water"͒. When RRDFs͑XRISM͒ were employed, the maximum of the distribution is located at X = −2.5 Å, Z = 1.6 Å and the distance between the maximum and the hydrogen of solute water is evaluated to be 2.0 Å. When RRDFs͑MD͒ were employed, the maximum is at X = 2.4 Å, Z = 1.4 Å and the distance is 1.8 Å. Thus, these distributions are attributed to the first peak in Fig. 1͑b͒ . These negative charge distributions arise from the oxygen that forms hydrogen bond with solute water. Positive charge distribution and negative one are at X = 0.0, Z = −2.0 Å and X = 0.0, Z = −3.1 Å when RRDFs͑XRISM͒ are employed and at X = 0.0, Z = −1.8 Å and X = 0.0, Z = −2.8 Å when RRDFs͑MD͒ are employed. These distributions are attributed to different types of hydrogen bonding solvent, as will be discussed below. Figure 2͑b͒ shows charge distribution on the bisector plane of HOH. The positive distribution and negative one indicate that solvent water molecules are present over the average at the region of Z Ͻ 0. The angle ͑defined in the right-upper box͒ of O distribution is evaluated to be about 102°when RRDFs͑XRISM͒ are employed and 124°when RRDFs͑MD͒ are employed, respectively. The latter value agrees well with previously reported value ͑about 130°͒. 10, 14 The SDF of solvent oxygen site reconstructed by RRDFs͑MD͒ present the value close to 125.3°͑=cos −1 ͑−1 / ͱ 3͒͒ which is the exact value when the oxygen takes perfect tetrahedral network. However, the value calculated with RRDFs͑XRISM͒ is somewhat smaller than that of 125.3°. This is because the first peak of oxygen shifts to outer region and the first peak of hydrogen shifts to inner region in RRDF͑XRISM͒. We can conclude that this small value is attributed not to the present reconstruction method but to RRDFs͑XRISM͒. As shown in Figs If water coordination took a simple tetrahedron structure ͑"standard coordination"͒, there should be no distribution there and two separated distribution could be found at about = ± 125. These broad distributions indicate a great deal of variation of solvent water from standard coordination. This continuous distribution of solvent water was also reported by Soper et al. 8 The three-dimensional SDF of n O ͑r͒ Ͼ 1.80 reconstructed by RRDFs͑XRISM͒ and RRDFs͑MD͒ are illustrated in Figs. 3͑a͒ and 3͑b͒ , respectively. Both SDFs look very similar to each other. All of the lobes correspond to the distribution of the solvent water that forms hydrogen bond with solute water, as discussed above. This character of the oxygen distribution is essentially the same as those reported by Svishchev et al. 10 and Soper et al. 8 These results indicate that RRDFs͑XRISM͒ as well as RRDFs͑MD͒ are useful to construct SDFs.
In order to check how much the SDFs depend on real solid harmonic expansion, we evaluated the SDF of solvent oxygen site from RRDF͑XRISM͒ using the real solid harmonics up to l = 2. The reconstructed 3D SDF n O ͑r͒ is shown as an example in Fig. 4 . Although the edge of the lobe is ambiguous because of the insufficient azimuthal accuracy, the shape and the position of the lobes resemble well those of Fig. 3 calculated up to l = 10. The XRISM calculation of water followed by reconstruction of SDF with l = 2 is performed in a few minutes in a personal computer. 26 Therefore, the present method to reconstruct SDFs from RDFs is very powerful for investigation of solvation structures.
IV. CONCLUSION
A new method to reconstruct SDFs from RDFs is presented here. This method was successfully applied to the liquid structure of water. In this method, the different expansion from that by Soper et al. leads to the linearized equation with which we can easily obtain approximated SDFs. Our method presents reliable results using a small number of real solid harmonics. This means that the present method can be easily applied to large molecular system. RISM self-consistent field ͑SCF͒ can evaluate the solvent structure such as RDFs even for chemical reactions in reasonable computational time. 27, 28 The combination of the present method with the RISM-SCF is one of the powerful methods to evaluate the 3D picture of solvation structure.
We will compare this approximated SDFs with SDFs that are directly calculated by MD method in a forthcoming full article.
